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We study theoretically the far-from-equilibrium relaxation dynamics of spin spiral states in the
three dimensional isotropic Heisenberg model. The investigated problem serves as an archetype for
understanding quantum dynamics of isolated many-body systems in the vicinity of a spontaneously
broken continuous symmetry. We present a field-theoretical formalism that systematically improves
on mean-field for describing the real-time quantum dynamics of generic spin-1/2 systems. This is
achieved by mapping spins to Majorana fermions followed by a 1/N expansion of the resulting two-
particle irreducible (2PI) effective action. Our analysis reveals rich fluctuation-induced relaxation
dynamics in the unitary evolution of spin spiral states. In particular, we find the sudden appearance
of long-lived prethermalized plateaus with diverging lifetimes as the spiral winding is tuned toward
the thermodynamically stable ferro- or antiferromagnetic phases. The emerging prethermalized
states are characterized by different bosonic modes being thermally populated at different effective
temperatures, and by a hierarchical relaxation process reminiscent of glassy systems. Spin-spin
correlators found by solving the non-equilibrium Bethe-Salpeter equation provide further insight
into the dynamic formation of correlations, the fate of unstable collective modes, and the emergence
of fluctuation-dissipation relations. Our predictions can be verified experimentally using recent
realizations of spin spiral states with ultracold atoms in a quantum gas microscope [S. Hild, et al.
Phys. Rev. Lett. 113, 147205 (2014)].
PACS numbers: 75.10.Jm, 05.40.-a 05.70.Ln,
I. INTRODUCTION
The equilibration of isolated quantum many-body sys-
tems is a fundamental and ubiquitous question in physics.
It plays a central role in understanding a broad range
of phenomena, including the dynamics of the early uni-
verse [1] , the evolution of neutron stars [2], pump-probe
experiments in condensed matter systems [3], and the op-
eration of semiconductor devices [4]. The simplest per-
spective on the problem is to recognize a dichotomy be-
tween ergodic and non-ergodic systems. The former ex-
hibit fast relaxation to local equilibrium states occurring
at microscopic timescales, followed by a slower relaxation
process to global thermal equilibrium described by classi-
cal hydrodynamics of a few conserved quantities [5–7]. In
contrast, non-ergodic systems possess an extensive set of
conservation laws that prevent their thermalization [8, 9].
Recent theoretical and experimental investigations of
strongly-correlated systems, however, suggest significant
refinements to this dichotomy. For instance, certain
systems can be trapped for long times in quasi-stationary
“prethermalized” states with properties strikingly differ-
ent from true thermal equilibrium [10]. Examples include
nearly-integrable one-dimensional systems [11–15], and
systems with vastly different microscopic energy scales
in which slow dynamics results from the slow modes
providing configurational disorder and thereby localizing
the fast modes [16–18]. Even subtler examples of slow
dynamics include the Griffiths phase of interacting
disordered systems [19, 20] and translationally invariant
systems in higher dimensions with emergent slow degrees
of freedom [10, 21–29].
In this work, we discuss the emergence of slow dynam-
ics and prethermalization in translationally invariant spin
systems that possess continuous symmetries. In higher
dimensions, these systems can exhibit thermodynami-
cally stable symmetry broken phases along with gapless
Goldstone modes. Here, we show that the relaxation dy-
namics of low energy initial states that allow symme-
try breaking upon thermalization is remarkably different
from the relaxation of high energy states, thereby estab-
lishing a connection between aspects of equilibrium and
non-equilibrium phenomena in these system. In partic-
ular, the slow Goldstone modes in the former case re-
sult in the emergence of long-lived non-thermal states
with a hierarchical relaxation dynamics that closely re-
sembles aging in systems with quenched disorder. A
non-perturbative treatment and beyond mean-field cor-
rections are both found to be crucial for describing the
relaxation process.
We specifically study the dynamics of the three dimen-
sional (3D) isotropic Heisenberg model initially prepared
in a spiral state, see Fig. 1 (a). Our choice of spin spi-
ral states is motivated by the following considerations.
First, the winding of a spiral, Q, serves as a tuning pa-
rameter for the energy density of the state. The full
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FIG. 1. Relaxation of spin spiral states in the 3D
isotropic Heisenberg model. (a) The system is pre-
pared in a spin spiral state in the xy plane with the winding
Q = (Q,Q,Q) as tuning parameter. The figure illustrates the
case Q = pi/2. (b) The real-time evolution of the transverse
magnetization M⊥ for three different Q as indicated in the
plot. For Q = 7pi/8, a hierarchical relaxation process emerges
with a non-thermal plateau at intermediate times. The time
scale is switched to logarithmic at tJ = 5 for better visibil-
ity. (c) A global view of the spiral dynamics. Non-thermal
plateaus appear near Q ∼ 0, pi.
spectrum of the Heisenberg model is traversed from ferro-
magnetic (FM) to Ne´el antiferromagnetic (AFM) states
upon sweeping Q from 0 to pi, respectively. In light of the
eigenstate thermalization hypothesis (ETH) [30–32], the
energy density of the initial state fully determines the fate
of all local observables at late times in ergodic systems.
One of the main objectives of this work is to understand
the route toward thermalization of these states. Second,
spiral states represent different mean-field solutions of
the classical Heisenberg model, all of which are thermo-
dynamically unstable with the exception of Q = 0, pi.
The fluctuation-induced destruction of the initial order
and the emergence of thermodynamically stable ordered
or disordered phases at longer times is another question
we address here. Lastly, spin spiral states have been re-
cently realized in one and two dimensions using ultracold
atoms in a quantum gas microscope [33, 34]. An exten-
sion of these experiments to three dimensions makes a
direct experimental scrutiny of our predictions possible.
Our results indicate that spiral states tuned toward
FM or AFM states exhibit a slow hierarchical relaxation
and can come arbitrary close to a dynamical arrest, see
Fig. 1 (b–c). Surprisingly, the relaxation dynamics is nei-
ther compatible with the trivial relaxation to local ther-
mal equilibrium and slow hydrodynamic evolution, since
the spin current is not conserved, nor with the linearized
dynamics of the collective modes, which predicts expo-
nentially growing out-of-plane instabilities. In fact, we
find the instabilities to self-regulate and slow down sig-
nificantly. As we elaborate in the following sections, the
physical phenomena discussed here are expected to gen-
eralize to a broad range of models that exhibit a finite
temperature phase transition between a disordered and
a symmetry broken phase.
The relaxation of the Ne´el spin spiral state with
Q = pi has been previously studied in the 1D Heisenberg
model [33, 35–37]. In contrast to the 3D case studied
in the present work, the 1D Heisenberg model does not
exhibit a symmetry broken thermal phase and in turn,
cannot exhibit the type of prethermalization we discuss
here. More recently, the dynamics of the Ne´el state in
the Fermi-Hubbard model on an infinite dimensional
Bethe lattice has been investigated [38], however, the
approach to the steady state could not be studied due
to the small effective exchange interaction.
From a technical perspective, our investigation of the
non-equilibrium dynamics of spiral states has been en-
abled by developing a non-perturbative field theoretic
formalism applicable to generic spin-1/2 systems for ar-
bitrary initial states and geometries, which we refer to
as the “Spin-2PI” formalism. This is achieved using
a Majorana fermion representation of spin-1/2 opera-
tors [39, 40], enlargement of the spin coordination num-
ber by a replica-symmetric extension, and ultimately a
systematic 1/N fluctuation expansion of the real-time
two-particle irreducible (2PI) effective action [41, 42].
The recent rapid progress in the phenomenol-
ogy of far-from-equilibrium quantum dynamics and
its broad applications has been enabled by similar
non-perturbative functional techniques. Examples
include extensive studies of the O(N) model in non-
equilibrium [43–45], thermalization, prethermalization
and non-thermal fixed points [10, 22, 46–48], particle
production, reheating and defect generation in inflation-
ary universe models [49–53], and dynamics of ultracold
fermionic and bosonic gases [54–56]. The present work
is the first to utilize this powerful technique to study the
far-from-equilibrium dynamics of interacting quantum
spin systems.
Understanding the emergence of slow dynamics near
thermodynamic phase transitions has implications
reaching far beyond the domain of condensed matter
physics. For instance, studies of non-equilibrium quan-
tum fields in the context of inflation and early universe
dynamics have suggested that the slowing down of
quantum evolution near phase transitions is a plausible
explanation for the large number of light particles and
broken symmetries in the observable universe [57].
Given that the experimental verification of theories
about early universe phenomena are typically rather
3ϕˆ = ϕc +O(N−
1
2 )Sˆ D ∼ O(1/N)
FIG. 2. The Spin-2PI formalism illustrated. The spins
(green arrows) precess about a fluctuating exchange field (un-
certain blue arrows). The quantum fluctuations of the ex-
change field are mediated by a real vector bosons (wiggly
lines) and are suppressed by a factor of 1/N , permitting a
systematic expansion.
indirect, experiments with synthetic many-body systems
that allow precise monitoring of real-time dynamics
close to phase transitions could play an important
role in elucidating the emergence of slow evolution.
The dynamics of various interacting spin systems have
been already investigated in experiments with synthetic
quantum matter, including domain formation in spinor
condensates [58, 59], the precise measurement of the
evolution of spin flips in the ground state of 1D lattice
spin systems [60–63], quantum coherences in long range
models [64], and the relaxation dynamics of spin spiral
states in 1D and 2D Heisenberg models [33, 34]. The
experimental observation of the dynamical phenomena
discussed here are thus expected to be within close reach.
This paper is organized as follows: In Sec. II, we intro-
duce the Spin-2PI formalism, a technique we develop to
study the dynamics of interacting spin systems. Comple-
mentary technical details are presented in App. A. We
discuss the relaxation of spin spiral states in Sec. III.
The phenomenon of dynamical slowing down and arrest
will be presented Sec. III A, the long-time thermalization
in Sec. III B, and the dynamic formation of correlations
and instabilities in Sec. III C. We conclude our findings
in Sec. IV.
II. THE SPIN-2PI FORMALISM
Consider a generic Hamiltonian describing the pairwise
interaction between localized spin degrees of freedom on
a given lattice L:
Hˆ =
1
2
∑
j,k∈L
V αβjk Sˆ
α
j Sˆ
β
k , (1)
where V is an arbitrary interaction, j and k denote lat-
tice sites, and {Sˆα} are spin-1/2 operators. Summation
over the repeated spin indices is assumed. Had Sˆ been
classical angular momentum variables, the Hamiltonian
dynamics of the system would be governed by the (non-
linear) Bloch equation:
dSj
dt
= ϕj × Sj , ϕαj =
∑
k∈L
V αβjk S
β
k . (2)
In case of quantum spins, the Bloch equation only de-
scribes the evolution of the spin expectation values 〈Sˆ〉
to the extent of which the mean-field Ansatz 〈SˆjSˆk〉 ≈
〈Sˆj〉 〈Sˆk〉 is valid. The latter, however, is only justified for
lattices with large coordination number, high spin parti-
cles, or in the presence of a high-temperature bath. The
crucial role of quantum fluctuations in the dynamics of
isolated spin-1/2 systems in finite dimensional lattices is
beyond the reach of semi-classical methods, and demands
a more careful treatment.
Here, we propose a formalism for transcending the
mean-field approximation for spin evolution by a system-
atic inclusion of quantum corrections. This is achieved
using functional methods and a variant of the large-N
expansion technique. As a first step, we construct an
auxiliary model in which each spin is replicated N times,
and each bond is promoted to N2 bonds between the
replicas, with equal weight but with an overall scale fac-
tor of 1/N . The Hamiltonian of the auxiliary model is
written as:
HˆN =
1
2
∑
j∈L
(∑
k∈L
V αβjk
1
N
N∑
σ′=1
Sˆβ;σ
′
k
)
N∑
σ=1
Sˆα;σj . (3)
The initial state |Ψ0〉 is also subsequently promoted to an
uncorrelated product in the replica space,
⊗N
σ=1 |Ψ0〉σ.
The original problem is recovered by setting N = 1. We
refer to the sum appearing in the parentheses in Eq. (3) as
the exchange field operator, ϕˆj , which plays the role of an
effective fluctuating magnetic field with which the spins
interact. The described large-N construction effectively
increases the coordination number of each spin, z, to Nz,
thereby suppressing the fluctuations of ϕˆj according to
the law of large numbers, ϕˆj = ϕc,j +O(1/
√
Nz), where
ϕc,j ≡ 〈ϕj〉 is the mean exchange field. In the limit of in-
finite N , the exchange field operator becomes effectively
classical such that mean-field dynamics of the original
model Hˆ emerges as the asymptotically exact description
of the dynamics in limN→∞ HˆN . For large but finite N ,
the fluctuations of ϕˆ are small but not negligible, and can
be systematically incorporated into the dynamics order
by order in 1/N . This program can be carried out within
4the functional method of two-particle irreducible (2PI)
effective actions. Crucially, truncating the expansion at
a finite order in 1/N and taking the limit N → 1 yields
non-perturbative and conserving approximations for the
spin dynamics. We refer to this method as the Spin-2PI
formalism, which is illustrated schematically in Fig. 2. In
brief, spins precess about a self-consistently determined
exchange mean field, and quantum spin fluctuations are
mediated by the local and non-local exchange of a real
vector boson whose propagator is suppressed by a factor
of 1/N .
In the remainder of this section, we briefly outline the
field theoretical developments that underlie the Spin-2PI
formalism. Complementary technical details are given
in App. A. A path integral for the spin-1/2 operators
is constructed using a representation invoking Majorana
fermions [39, 40]:
Sˆj = − i
2
ηj × ηj . (4)
The Majorana operators at each site {η1j , η2j , η3j } satisfy
the Clifford algebra {ηµj , ηνk} = δjk δµν , from which the
SU(2) algebra for spins [Sˆαj , Sˆ
β
k ] = iδjk εαβγ Sˆ
γ
j and the
Casimir condition S2j = 3/4 follow. The latter ensures a
faithful spin-1/2 representation without introducing any
unphysical states and obviates the necessity of using con-
straint gauge fields in contrast to the Schwinger slave
particle approach [65]; see Appendices of Ref. [66] for
a detailed treatment of the Majorana representation for
spin-1/2 operators.
Replacing the spin operators in Hˆ using Eq. (4), the
Hamiltonian is mapped to that of a many-body system of
Majorana fermions with quartic interactions. The large-
N program can be identically followed by replicating the
slave Majorana particles and assigning a replica index
to each. We proceed by constructing a path integral for
the Majorana fermions using fermionic coherent states on
the closed time path (CTP) Schwinger-Keldysh contour.
The Lagrangian is given as:
L[η] = 1
2
∑
j∈L
N∑
σ=1
ηα;σj i∂t η
α;σ
j +
1
8N
∑
j,k∈L
N∑
σ1,σ2=1
V αβjk (ηj × ηj)α;σ1 (ηk × ηk)β;σ2 . (5)
The exchange field is introduced by a Hubbard-
Stratonovich decoupling of the quartic term using a real
vector boson ϕj on each lattice site. The non-equilibrium
exchange mean field ϕc, exchange field fluctuation prop-
agator D, and the Majorana propagator G are introduced
as:
ϕc(1) = 〈ϕˆ(1)〉,
iD(1, 2) = 〈TC [ϕˆ(1) ϕˆ(2)]〉 −ϕc(1)ϕc(2),
iG(1, 2) = 〈TC [η(1) η(2)]〉. (6)
The integer variables are shorthand for the bundle of lat-
tice site, contour time, spin and replica index. According
to Eq. (4), the local spin expectation value is proportional
to the fermion tadpole:
〈Sˆαj (t)〉 =
1
2
εαβγ Gβγjj (t+, t). (7)
We obtain the real-time evolution equations for G, D and
ϕc using the 2PI effective action formalism [41]. The
effective action Γ[G,D,ϕc] is found by sourcing G, D and
ϕc and performing Legendre transformations:
Γ[G,D,ϕc] =
1
2
tr lnG−1 + 1
2
tr[G−10 G]−
1
2
tr lnD−1
− 1
2
tr[D−10 D] + Γint[G,D,ϕc], (8a)
Γint[G,D,ϕc] = −
1
2
tr[M [ϕc]G] +
i
2
ϕcD−10 ϕc + Γ2[G,D],
(8b)
The bare Majorana and exchange propagators are
given as G−10 (1, 2) = i∂t1δ(1, 2) and D−10 (1, 2) =
N (V −1) δ(t1, t2), respectively. M [ϕc] is the leading or-
der (LO) self-energy (see Eq. A9). The evolution equa-
tions follow from making Γ stationary with respect to G,
D, and ϕc, see Eqs. (A7a)-(A7c).
Save for Γ2[G,D], the rest of the terms appearing
in Γ[ϕc,G,D] scale as O(N) and together comprise the
leading-order (LO) approximation. The next-to-leading-
order (NLO) corrections and beyond are represented by
Γ2[G,D] which formally corresponds to the sum of 2PI
vacuum diagrams arising from the cubic interaction ver-
tex:
Lint[η,ϕ] = i
2
ϕ · (η × η)σ = i
2
εαβγ
ϕα η
β;σ
ηγ;σ
. (9)
The 1/N expansion of Γint to the next-to-next-to-leading
(NNLO) order is diagrammatically given as:
Γint[G,D] = ︸ ︷︷ ︸
LO ∼ O(N)
+ ︸ ︷︷ ︸
NLO ∼ O(1)
+ +︸ ︷︷ ︸
NNLO ∼ O(1/N)
.
(10)
We have used the stationarity condition, Eq. (A7c), to
omit ϕc in favor of G in the LO interaction terms. The
Feynman diagram rules are given in Sec. A 2.
Truncating the 1/N expansion of Γ at a finite order
and setting N = 1 yields systematic improvements of
the mean-field spin dynamics. The ensuing approximate
theories are self-consistent and non-perturbative by con-
struction, and respect the conservation laws associated
to the global symmetries of the microscopic action, such
as magnetization and energy. The latter is crucial for the
long-time stability of the non-equilibrium dynamics.
The Bloch equation is recovered upon truncating Γ at
the LO level, see Sec. A 3. Truncations at NLO and be-
yond give rise to memory effects due to the dynamical
fluctuations of the exchange field and result in a two-
time Kadanoff-Baym integro-differential equation instead
5of the mean field Bloch equation, see Eqs. (A13a)-(A14b).
Finally, higher order correlators, in particular the spin-
spin correlator iχ(1, 2) ≡ 〈TC [Sˆ(1)Sˆ(2)]〉 − 〈Sˆ(1)〉 〈Sˆ(2)〉,
can be reconstructed with the knowledge of G and D by
solving the non-equilibrium Bethe-Salpeter integral equa-
tion on the Schwinger-Keldysh contour, see App. A 3.
We remark that in systems with large spin coordina-
tion number z, fluctuations of the exchange field are in-
herently suppressed and the expansion parameter is more
accurately identified with 1/(zN). Therefore, the large-
N expansion of the Spin-2PI effective action in models
with z >∼ 1 is expected to be controlled and rapidly con-
verging, even after taking the limit N → 1. Studies of
the O(N) model show that the most important correc-
tion to the mean-field (LO) approximation is captured
by the NLO “fluctuation-exchange” diagram, along with
negligible quantitative corrections from the subleading
terms [67, 68].
The replica-based 1/N expansion proposed here differs
from the usual semi-classical 1/S expansion in significant
ways even though they improve upon the same mean-
field limit. For instance, the replicated Fock space of a
single spin is reducible and has many more states com-
pared to a pure spin-N/2 representation. A technical
advantage of our approach is that it preserves the under-
lying spin-1/2 degrees of freedom, which in conjunction
to the Majorana representation leads to the familiar dia-
grammatic and functional methods. As discussed before,
these tools significantly simplify and streamline the cal-
culation of higher order corrections. Furthermore, there
is no preferred axis for spin quantization in the Spin-2PI
formalism, allowing us to study magnetically ordered and
disordered states in a unified way.
III. RELAXATION OF SPIN SPIRAL STATES
IN THE 3D HEISENBERG MODEL
In this section, we investigate the unitary evolution of
the spin spiral state on a 3D cubic lattice,
|sp(Q)〉 = e−i
∑
j Q·Rj Sˆzj
⊗
j∈Z3
|→〉j , (11)
under the isotropic Heisenberg Hamiltonian Hˆ =
−J∑〈ij〉 Sˆi · Sˆj using the Spin-2PI formalism devel-
oped in the previous section. Here, |→〉j denotes the
x-polarized state on lattice site j. The spiral is prepared
in the xy-plane with a winding wavevector Q. We as-
sume ferromagnetic couplings J > 0 for concreteness,
even though the sign of the J does not affect the uni-
tary evolution due to the time reversal symmetry of the
Heisenberg model.
The spiral state |sp(Q)〉 is a simultaneous eigenstate
of Sˆa(Q) ≡ Tˆa Rˆz(Qa), a = x, y, z, where Tˆa and Rˆz(Qa)
denote the translation by one lattice site along the a-axis
and rotation by angle Qa about the z-axis, respectively.
The translation and rotation symmetries of the isotropic
Heisenberg model imply [Hˆ, Sˆa] = 0, so that the spi-
ral state |sp(Q)〉 remains a simultaneous eigenstate of
Sˆa(Q) at all times in the course of unitary evolution. As
a result, the out-of-plane magnetization 〈Sˆzj (t)〉 vanishes
identically, and the spiral magnetic order with the initial
winding Q persists at all times. The transverse magne-
tization,
M⊥(Q, t) ≡ 1
L3
∑
j∈L
e−iQ·Rj
[〈Sˆxj (t)〉+ i〈Sˆyj (t)〉], (12)
is the only degree of freedom at the level of single spin
observables. Also, M⊥(k, t) = 0 for k 6= Q. We remark
that even though the magnetization dynamics is signifi-
cantly constrained at the level of single spin observables
by symmetries, arbitrary spin correlations are allowed to
form in the course of evolution, including both in- and
out-of-plane spin correlations at arbitrary wavevectors.
A simplifying aspect of the present problem is that
the apparently broken translation symmetry of the spi-
ral state can be restored using an “unwinding” unitary
transformation UˆQ ≡ ei
∑
j Q·Rj Sˆzj under which the spi-
ral state transforms into a uniform x-polarized prod-
uct state |Ψ˜0〉 = UˆQ |sp(Q)〉 =
⊗
j |→〉j . The unwind-
ing transformation, however, transforms the Hamiltonian
Hˆ → H˜ = UˆQHˆUˆ†Q to an anisotropic Heisenberg model
with a Dzyaloshinskii-Moriya term:
H˜ = −J
∑
〈j,k〉
[
Sˆzj Sˆ
z
k +cosQ · (Rj−Rk)
(
Sˆxj Sˆ
x
k + Sˆ
y
j Sˆ
y
k
)
− sinQ · (Rj −Rk)
(
Sˆxj Sˆ
y
k − Sˆyj Sˆxk
)]
. (13)
The translation invariance of the initial state in the
spiral frame significantly simplifies the structure of the
Spin-2PI equations: G and Σ become local in the real
space while D depends only on the distance between the
sites. These simplifications hold for arbitrary truncations
of Γint. Additionally, the bosonic self-energy Π becomes
local in the real space at the NLO truncation. The mag-
netization is non-vanishing only along the x-direction
in the spiral frame due to the symmetry considerations
mentioned earlier. The quantities calculated in the
spiral frame can be readily transformed to the lab frame
using appropriate rotations. In particular, Eq. (7) gives
M⊥(Q, t) = (1/2)G23,>(t, t) with G calculated in the
spiral frame. We choose the winding to be along the
diagonal direction Q = (Q,Q,Q) hereafter and refer to
the spiral winding with the single scalar Q ∈ [0, pi].
At the LO level, the spin dynamics is governed by the
Bloch equation, Eq. (2). The exchange mean field ϕc
is parallel to the local magnetization at all lattice sites
in a spiral state, implying the absence of any dynamics.
In other words, the spiral states are fixed points of the
mean-field dynamics for all windings Q.
Going beyond the LO dynamics and including the
exchange field fluctuations by taking into account the
6NLO corrections, the spiral state exhibits an intrigu-
ing fluctuation-induced relaxation dynamics. States with
different windings have different energy densities, along
with different strength of in-plane and out-of-plane spin
fluctuations, and are found to relax in strikingly differ-
ent ways. As we discuss below, these factors conspire to
give rise to a non-trivial hierarchical relaxation scenario
for spiral states lying close to thermodynamically stable
orders, exhibiting prethermalization [10], and dynamical
arrest resembling glassy systems [69].
A. Relaxation and dynamical arrest of the
transverse magnetization
The spiral state for Q = 0 is a fully polarized FM
eigenstate of the Heisenberg model and is therefore
stationary. The Q = pi spiral, on the other hand,
corresponds to an uncorrelated Ne´el state which in three
dimensions has a large overlap with the correlated AFM
state lying at the upper end of the spectrum of the FM
Heisenberg model. As a result, the system is expected
to achieve a steady state marked with a finite staggered
magnetization after a short course of dephasing dynam-
ics, provided that the generated effective temperature
is below the ordering temperature. The evolution of
M⊥ is shown in Fig. 1 (b) for several choices of Q, along
with a global surface plot for Q ∈ [0, pi] and tJ ∈ [0, 30]
in Fig. 1 (c). The stationarity of the FM state (Q = 0)
and the rapid settlement of Ne´el state (Q = pi) to
a steady state with finite staggered magnetization is
observed.
Short-time dephasing dynamics— For all Q, the first
stage of dynamics is a short-time relaxation of the form
M⊥ ≈ 1/2 − νQt2 arising from the dephasing between
the eigenstates that overlap with the spiral. A straight-
forward calculation using the short-time expansion
〈Sˆ(t)〉 = 〈Sˆ〉0 + it 〈[Hˆ, Sˆ]〉0 + (it)
2
2
〈[
Hˆ, [Hˆ, Sˆ]
]〉
0
+ . . .
gives νQ =
3
8 J
2 (cosQ− 1)2. The values of νQ extracted
from the numerically obtained M⊥ are in agreement
with the exact result, see Fig. 6. The second stage of
relaxation dynamics depends on the winding of spiral
and is either directly thermalizing, or exhibits long-lived
prethermalized states preceding the true thermalization.
We discuss these cases separately.
Spiral states with Q ∼ pi/2— Spin spiral states with
Q ∼ pi/2 have a high energy density with respect to
both the FM and the AFM state. Thus, Q ∼ pi/2 spiral
states overlap with a large number of eigenstates of the
Heisenberg model. Such a broad superposition of states
lead to fast dephasing which is found to be within a
few exchange times. Our results indicate a rapid onset
of exponential decay M⊥ ∼ e−γQt with the fastest rate
occurring at Q = 0.55(1)pi ∼ pi/2.
Spiral states with Q ∼ 0 and Q ∼ pi— A complex multi-
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FIG. 3. Thermalization of the spin spiral state. (a) The
effective inverse temperature of local spin Tspin and local ex-
change field fluctuations Tfluct. obtained from the fluctuation-
dissipation relations in steady state. The two temperatures
are in agreement for spiral windings near Q ∼ pi/2, support-
ing the true thermalization of the system. The temperatures
calculated in the prethermalized plateausQ ∼ 0, pi (shaded re-
gions) disagree with each other, and generically differ from the
temperature of the true thermal states that emerge at later
times. Inset: the temperature kBT as a function of Q (same
data as in the main panel) displays a resonance from positive
infinite temperature to negative infinite temperature at the
classical duality point Q = pi/2. (b) The approach of Tfluct.
to steady state (light to dark) as obtained from fluctuation-
dissipation relations for Q = pi/4 (left) and Q = pi (right).
The steady state temperatures are shown on the plots.
scale relaxation scenario emerges for spirals with wind-
ings tuned to Q ∼ 0 and Q ∼ pi, lying close to FM and
AFM magnetic orders, respectively. The transverse mag-
netization exhibits an intermediate plateau for these ini-
tial states which appears continuously upon tuning Q, see
Fig. 1. The plot of M⊥ shown in Fig. 1 (b) for Q = 7pi/8
displays the intermediate plateau followed by relaxation
at later times. As Q is tuned closer toward 0 or pi, the
lifetime of the plateau increases abruptly and the mag-
netization comes to a dynamical arrest. We investigate
the nature of such long-lived plateaus in more detail in
the following sections.
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FIG. 4. The evolution of spin correlations. Top panels: Growth rate of out-of-plane instable modes obtained from a linear
response analysis. Bottom panels: Numerically calculated correlation function 〈SˆzkSˆz−k 〉(t) = iχzz,Kk (t, t) as a function of the
lattice wavevector k = (k, k, k) within the Spin-2PI formalism including NLO corrections. (a) Q = 3pi/8, (b) Q = pi/2, and (c)
Q = 3pi/4. The inset in (c) shows the connected part of the in-plane correlations 〈Sˆ+k Sˆ−−k〉(t).
B. Prethermalization vs. Thermalization
Due to the non-integrability of the 3D Heisenberg
model, the energy distribution of spin fluctuations is ex-
pected to approach a thermal population in the long time
limit, according to the eigenstate thermalization hypoth-
esis (ETH) [30–32]. We investigate the nature of steady
states emerging in the dynamics by calculating the spin-
spin correlation and response functions, corresponding
to the Keldysh (K) and retarded (R) components of the
CTP spin-spin correlator χ(t, t′), by solving the non-
equilibrium Bethe-Salpeter equation (see App. A 3). At
thermal equilibrium, these quantities are related via the
bosonic fluctuation-dissipation relation (FDR):
iχK(ω) = −2 coth(ω/2kBT ) Im[χR(ω)] , (14)
where T is the effective temperature. Here, ω refers to the
Fourier frequency in the time difference t−t′ in the steady
state achieved at long times. Likewise, one can define an
effective temperature for the exchange field fluctuations
using the bosonic FDR between DK and DR. We re-
fer to the temperatures obtained from local spin χ and
exchange fluctuations D as Tspin and Tfluct., respectively.
The effective temperatures obtained from the FDR in
the steady state are shown in Fig. 3 (a). For all spiral
windings Q, we find that FDR is satisfied to an excellent
degree for both local spin and exchange fluctuation cor-
relators once the steady state is reached, see Fig. 3 (b).
However, as we discuss below, the effective temperature
obtained from spin and exchange fluctuations may
disagree with each other. This allows us to distinguish
prethermalization from true thermalization.
Thermalization of spiral states with Q ∼ pi/2— For a
range of spiral wavevectors pi/4 <∼ Q <∼ 3pi/4, the steady
state temperatures obtained from all bosonic modes, i.e.
local and non-local in- and out-of-plane spin and ex-
change field fluctuations, agree with each other, suggest-
ing the complete thermalization of the system and in ac-
cordance with the ETH.
Spirals with Q = pi/2 flow to an infinite temperature
thermal state, which is understood from the duality
Q→ pi −Q, J → −J present in the classical Heisenberg
model. This classical duality extends to the quantum
Heisenberg model in the high temperature regime. The
duality point Q = pi/2 further marks the resonance
from positive temperatures for Q < pi/2 to negative
temperatures for Q > pi/2, see the inset of Fig. 3 (a). The
T < 0 thermal states of the FM Heisenberg model with
coupling −|J | corresponds to T > 0 states of the AFM
Heisenberg model with coupling +|J |, and vice versa.
Negative temperature states naturally arise in isolated
systems with bounded energy spectra as legitimate
thermal states and occur when the initial energy density
lies closer to the upper edge of the energy spectrum.
Prethermalization of spiral states with Q ∼ 0, pi— For
spiral states with Q ∼ 0, pi, where the system develops a
prethermal plateau, the effective spin and exchange field
fluctuation temperatures disagree, even though the FDR
is satisfied well for each mode individually. This find-
ing supports the prethermalized nature of such steady
states. It is understood that the temperatures calcu-
lated within the prethermal plateau [shown as shaded
regions in Fig. 3 (b)] correspond to the effective temper-
ature of individual modes, and not the true thermody-
namical temperature. We expect the two temperatures
to approach each other at longer times once the system
exits the prethermalized plateau and progresses toward
a fully thermalized state.
The spiral state with Q = 0 is an exact ground state of
the system and FDR yields T = 0 as expected. In con-
trast, the Q = pi state approaches a finite temperature,
which is understood by the fact that the uncorrelated
Ne´el state must be “dressed” with spin correlations
before the steady state is reached, see inset of Fig. 3 (a).
8The disparity between the evolution of Q = 0 and Q = pi
states reveals the quantum mechanical nature of spins,
and the breakdown of the classical duality Q → pi − Q
in the low temperature regime.
The 3D Heisenberg model exhibits a finite temperature
equilibrium phase transition from the disordered para-
magnetic phase to the ordered FM or AFM phase, de-
pending on the sign of the exchange coupling J . For the
spiral at Q = pi, the FDR of the spin fluctuations are
not well fulfilled at accessible times while those for ex-
change field fluctuations are. The temperature extracted
from the latter |Tfluct.(Q = pi)| = 0.82J lies below the
the AFM ordering temperature TAFMc = 0.946(1)J . The
latter has been obtained from quantum Monte Carlo sim-
ulations [70].
Crucially, the near-thermal distribution of fluctuations
in the prethermalized plateaus, the stability of FM/AFM
ordered phases at finite energy densities in the 3D Heisen-
berg model, and the proximity of Q ∼ 0, pi spiral states to
these stable orders allow us to draw a connection between
the long-time stability of such spiral states and spon-
taneous symmetry breaking at equilibrium: the spiral
winding Q sets the energy density of the system and sub-
sequently the effective temperature T (Q) in the prether-
mal state. T (Q) approximately dictates the magnitude
of spin fluctuations on the top of the spiral states which
locally resemble either FM or AFM for Q ∼ 0, pi. De-
pending on Q, T (Q) can either lie below or above the
critical transition temperature, TFMc or T
AFM
c , thereby
providing an approximate condition for the local stabil-
ity of the spiral order. We will study the global instability
of the spiral states and their destruction at longer times
in the next section.
According to the above discussions, the connection
made between emergence of slow dynamics and sym-
metry breaking at equilibrium essentially hinges on the
eigenstate thermalization hypothesis and the Mermin-
Wagner theorem. Therefore, this connection is expected
to reach beyond the present discussion, and to general-
ize to a broader range of initial states and models that
exhibit spontaneous continuous symmetry breaking.
C. Instabilities and Correlations
The dynamical stabilization of spirals near the FM
and AFM orders, and consequently the appearance of
prethermal plateaus, was understood on the basis of
thermodynamical arguments in the previous section.
However, even though the spiral states are fixed points
of the mean-field dynamical equations, they are unstable
and have a tendency to form out-of-plane textures as the
energy of spiral states can be reduced by an appropriate
out-of-plane tilt. Therefore, in a thermodynamical
ensemble where arbitrary out-of-plane fluctuations are
allowed, these saddle points fail to give rise to symmetry
broken states, leaving Q = 0 and Q = pi as the only
thermodynamically stable orders in the Heisenberg
model. Therefore, the present situation must be re-
garded from the perspective of quantum dynamics, i.e.
the unitary evolution of a pure state |sp(Q)〉 rather than
the statistical fluctuations in a mixed thermodynamical
ensemble. Here, the system remains in a pure state
at all times and the magnetic order is confined to the
xy spiral plane due to the symmetries discussed at
the beginning of Sec. III. It is therefore conceivable
that symmetry-protected dynamical constraints allow
thermodynamically unstable saddle points to become
long-lived states in the course of unitary dynamics.
Out-of-plane instability.— The out-of-plane instability of
the spiral state in the Heisenberg model can be studied
either by performing a linear response analysis of the
Bloch equations, or similarly from the Holstein-Primakoff
spin-wave analysis. Either way, the dispersion of out-of-
plane spin-waves forming on the top of the spiral is found
as ωk =
√
2k −∆2k [33, 71], where:
k = −JS
3∑
d=1
[(1 + cosQ · eˆd) cosk · eˆd − 2 cosQ · eˆd] ,
∆k = −JS
3∑
d=1
[(1− cosQ · eˆd) cosk · eˆd] . (15)
Unstable modes arise when ωk assumes imaginary val-
ues. Except for Q = 0, pi/2, pi, one always finds such
unstable modes: for Q < pi/2, the fastest growing mode
is k = (k, k, k) with k = cos−1[cos2(Q/2)] along with a
sharp cutoff |k| ≤ Q; for Q > pi/2, unstable modes occur
for |k − pi| ≤ Q, with the fastest mode always being the
staggered k = pi mode, independently of Q.
A simple estimate for the lifetime of the prethermal
plateaus is obtained by calculating the time it takes for
typical unstable out-of-plane collective mode to grow
to O(1). The rationale behind this estimate is that
the in-plane order can not coexist with strong enough
out-of-plane fluctuations. Expanding around Q = 0, pi,
we obtain a scaling t ∼ 1/Q2 for the FM-like and
t ∼ 1/(pi−Q) for the AFM-like spirals, up to logarithmic
corrections. However, the lifetime of plateaus as found
from the Spin-2PI formalism exceeds the above esti-
mates; in particular, as Q is tuned closer toward 0 or pi,
we observe a faster increase of the lifetime of prethermal
plateaus. As we discuss below, the increased lifetime
can be explained on the basis of the self-regulation of
out-of-plane spin fluctuations.
The top panels in Fig. 4 show Im[ωk] for several values
of Q, along with the evolution of equal-time out-of-plane
spin correlations iχzz,Kk (t, t) = 〈Sˆzk(t) Sˆz−k(t)〉 obtained
by solving the non-equilibrium Bethe-Salpeter equation
in the NLO approximation, bottom panels. Further, the
connected part of in-plane correlations iχ+−,Kk (t, t) =
〈Sˆ+k (t) Sˆ−−k(t)〉 − 〈Sˆ+k (t)〉〈Sˆ−−k(t)〉 is shown in the inset
of panel (c).
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FIG. 5. Dynamics of exchange field fluctuations. (a) The out-of-plane (top) and in-plane (bottom) exchange field
fluctuations as a function of time and momentum k = (k, k, k) for Q = pi/4 (left) and Q = 7pi/8 (right). The red lines indicate
the most enhanced mode in the long time limit; the blue dashed line in the lower right plot corresponds to the k = Q in-plane
mode which initially exhibits the strongest enhancement of correlations. (b) The evolution of the late-time most enhanced
mode for Q = pi/4, pi/2 (left) and Q = 7pi/8, pi (right). In cases where the system thermalizes, left column, SU(2) symmetry
emerges in the long time limit, while it is broken in the prethermal case Q = 7pi/8 and for Q = pi, right column. In the latter
case, the system can exhibit true long-range order provided its effective temperature is below the critical temperature of the
equilibrium phase transition and thus be thermal and simultaneously break SU(2) symmetry.
At t = 0, spin correlations are zero in accordance
with the initial spiral state |sp(Q)〉 being an uncorre-
lated product state. The out-of-plane correlations form
at times t ∼ J . The most enhanced correlations coin-
cide with the wavevector predicted by the linear response
analysis to a good degree. The sharp cutoffs predicted by
this analysis are found to be smeared, which is expected
due to the mode coupling embedded in our self-consistent
approach. The time scale for the formation of correla-
tions is found to be on the order of the dephasing time,
reflecting the fact that the short-time dephasing dynam-
ics and formation of correlations are manifestations of
the same phenomenon.
For spiral states that thermalize within the numeri-
cally achievable time scales, we observe a smooth shift in
both in-plane and out-of-plane spin correlations from the
initial Q-dependent enhanced modes to either k = 0 or
k = pi, depending on whether Q < pi/2 or Q > pi/2,
respectively [see Fig. 4(a), (c), and the inset]. Even
though the linear response analysis correctly indicates
the wavevector of the fastest growing out-of-plane mode,
the spin correlations rapidly saturate to their maximum
values, as opposed to an unbounded exponential growth.
A similar rapid dynamical regulation of the growth of un-
stable modes was previously reported in Ref. [22, 49] in
the context of parametric resonance in the O(N) model.
In the present context, this phenomenon explains why
the lifetime of the plateaus exceeds the estimate obtained
from the linear response analysis, and indicates the im-
portant role of mode coupling between spin waves and
the necessity of non-perturbative treatments.
For spiral states that exhibit long-lived prethermal
plateaus, we study the exchange field correlations D, a
quantity that is closely related to χ but can be calculated
for much longer times with less computational resources.
The evolution of Dzz,Kk (t, t) and D+−,Kk (t, t) for Q = pi/4
and Q = 7pi/8 are shown in Fig. 5 (a). The former corre-
sponds to a spiral state that thermalizes at about 20J−1,
while the latter exhibits a magnetization plateau up to
τM ∼ 20 J−1, as shown in Fig. 1. For t <∼ τM , the most
enhanced in-plane mode occurs at k = Q which upon
demagnetization smoothly switches to k = pi for t >∼ τM .
The most unstable out-of-plane mode is always at k = pi.
As a further check for thermalizing behavior, we study
the restoration of the SU(2) symmetry in the exchange
field fluctuations Dzz,Kk (t, t) → (1/2)D+−,Kk (t, t), see
Fig. 5 (b). For Q = pi/4 and Q = pi/2, we find that the
SU(2) symmetry is restored at longer times (left column),
while for Q = 7pi/8 and the Ne´el initial state Q = pi, the
SU(2) symmetry remains broken at all accessible times
(right column). Notably, the out-of-plane fluctuations for
Q = 7pi/8 is found to be an order of magnitude stronger
than the Q = pi, in agreement with the previously men-
tioned existence of an unstable out-of-plane mode for the
former state and its absence in the latter.
The magnitude of in-plane fluctuations remain es-
sentially constant in the plateau for Q = 7pi/8 (top
right) while the out-of-plane fluctuations monotonically
increase and reach a maximum at t ∼ 20 J−1 ∼ τM , pre-
cisely when the prethermal magnetization decays. This
finding connects the decay of the the spiral to the growth
of out-of-plane fluctuations. The time τM also marks a
reversal in the trend of out-of-plane and in-plane corre-
lations. Even though this change indicates a first step
toward establishing SU(2)-symmetric correlations, the
condition is far from being satisfied at t ∼ τM and is
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FIG. 6. Comparison between Spin-2PI and semi-
classical dynamics. The Spin-2PI results (solid black lines)
are compared to the semi-classical dynamics obtained from
the dTWA (dashed blue lines). The short time analytic result
from Sec. III A is also shown for reference (thick red lines).
The long time dynamics of the two methods are significantly
different. In particular, the dTWA is not capable of describing
the long-lived prethermal plateaus in contrast to the Spin-2PI
formalism. The scale of the time axis is switched from linear
to logarithmic at tJ = 5 for better visibility.
bound to occur on much longer time scales, indicating
a hierarchical relaxation scenario with the relaxation of
magnetization preceding the relaxation of correlations.
The appearance of long-lived prethermal states and
the hierarchical relaxation is reminiscent of aging dy-
namics in classical structural glass models with quenched
disorder [69] and kinematically constrained models [72].
Similar multi-scale glassy relaxation dynamics has been
recently reported in the quench dynamics of fermions in a
nearly-integrable 1D model using a different method [15].
Comparison to semi-classical methods— According to
the discussions presented so far, the relaxation dynam-
ics of the spiral state accompanies the formation of
in- and out-of-plane quantum correlations in the sys-
tem. In order to study the role of correlations fur-
ther, we compare our predictions with the results ob-
tained from the discrete truncated Wigner approxima-
tion (dTWA) [73, 74], a variant of the semi-classical TWA
method [75] that relies on mean-field trajectories. The
magnetization obtained from Spin-2PI (solid black lines)
and dTWA (dashed blue lines) are compared in Fig. 6.
The two methods generically agree with the analytic
short time expansion (red thick lines), with the excep-
tion that dTWA does not reproduce the correct short
time dynamics for small Q, cf. Q = pi/4 in (a) [76]. The
two methods, however, predict strikingly different long
time dynamics. Even though dTWA exhibits some de-
gree of dynamical slowing down for FM-like and AFM-
like spirals, it produces neither the prethermal plateau
for Q = 7pi/8, nor the finite steady-state magnetization
for Q = pi. We note that the latter is supported by exact
QMC calculations.
IV. CONCLUSIONS AND OUTLOOK
We formulated a non-perturbative and conserving
field theoretic technique for describing the far-from-
equilibrium quantum dynamics of strongly interacting
spin-1/2 systems for arbitrary lattices and initial states.
Referred to as the Spin-2PI formalism, this method sys-
tematically improves upon the mean-field description by
including quantum fluctuations by means of an asymp-
totic 1/N expansion, which is controlled in models with
intrinsically large lattice coordination number.
We utilized the Spin-2PI technique to study far-from-
equilibrium phenomena in spin systems with continuous
symmetries. Specifically, we explored the relaxation dy-
namics of spin spiral states in the 3D Heisenberg model,
treating the spiral winding Q as a tuning parameter. Go-
ing beyond the trivial mean-field (LO) dynamics by in-
cluding the NLO correction, we found the spiral states
with different windings to relax in remarkably different
ways. In particular, spiral states resembling FM and
AFM ordered states, corresponding to Q ∼ 0 and pi
respectively, get trapped for long times in non-thermal
states, i.e. “false vacuums” whose lifetime diverge as the
windings are tuned to Q = 0 or pi. In contrast, the spiral
states far from Q = 0, pi relax rapidly.
We calculated the effective temperature of spin and ex-
change field fluctuations from the fluctuation-dissipation
relation. For Q ∼ pi/2 spiral states, all modes reach a
single temperature, supporting full thermalization in ac-
cordance with the eigenstate thermalization hypothesis.
In contrast, the different bosonic modes of prethermaliz-
ing spirals settle at different temperatures.
We investigated the dynamical formation of corre-
lations and found that the collective modes predicted
to be unstable from a linear response analysis, are
self-regularized at rather short time scales, demon-
strating the importance of the nonlinear effects and
non-perturbative treatments. The growth of out-of-plane
fluctuations cause the eventual decay of the prethermal
states. The restoration of SU(2) symmetry occurs much
later after the decay of magnetization, suggesting a
hierarchical relaxation reminiscent of coarsening and
aging in classical glassy systems. Our results can be
tested readily in ultracold atoms experiments with two-
component Mott insulators in 3D optical lattices, such
as a 3D extension of the experiments in Refs. [33, 34].
This work can be extended in several directions. A
straightforward extension is to investigate the relaxation
of spiral states in anisotropic models, or in lower di-
mensions. Another immediately accessible direction is to
study spin systems with long-range interactions, as real-
ized for instance with Rydberg atoms, polar molecules, or
trapped ions, and their instability toward dynamic crys-
tallization. The effect of small deviations from the initial
11
spiral state on the quantum evolution could be studied as
well. We expect our predictions to carry over to the case
of weakly disordered initial states, provided that the de-
viations from the pristine spiral state remain small by the
time the prethermalization plateau is reached. A conser-
vative bound for the allowed degree of disorder can be es-
timated from the presented linear response analysis, how-
ever, a more realistic calculation must take into account
self-regulation and slowing down of the unstable modes in
the presence of disorder, which is a computationally chal-
lenging task. On related grounds, it is desirable to study
the formation of topological defects in quenches to the
ordered phase, corresponding to the instantaneous limit
of the quantum Kibble-Zurek mechanism [77, 78]. For
the 3D Heisenberg model with SU(2) symmetry, topo-
logically stable hedgehogs [79] are expected to form with
universal scaling laws. Other possible research directions
include extension to open spin systems, studying the role
of NNLO corrections to assess the robustness of the NLO
results, and comparison with other systematic expansions
such as 1/D-expansion in D-dimensional lattices, and the
semi-classical 1/S-expansion.
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Appendix A: Summary of the truncated Spin-2PI
formalism at the NLO level
In this Appendix, we provide supplementary mate-
rial for the Spin-2PI formalism along with a brief ac-
count of the numerical methods. The covered material
includes the explicit derivation of the approximate dy-
namical equations from the NLO truncated 2PI effective
action and the reconstruction of real-time spin-spin cor-
relators from the Bethe-Salpeter equation.
1. Correlation functions on the Schwinger-Keldysh
time contour
In the Schwinger-Keldysh formalism, the non-
equilibrium dynamics of quantum fields is most elegantly
derived from a path-integral defined on the round-trip
contour C = C+ ∪ C−:
t = t0 t = +∞
The Majorana operators η and real vector boson ϕ are
replaced by Grassmann and real vector valued variables
in the path-integral, along with an anti-periodic and pe-
riodic boundary condition at the contour endpoints, re-
spectively.
The correlation functions defined on the C contour can
be thought of 2×2 matrices in the two-dimensional space
of the contour branch index. For example, the Majorana
2-point correlator G can be explicitly written as:
G(t1, t2) =
( G++(t1, t2) G+−(t1, t2)
G−+(t1, t2) G−−(t1, t2)
)
, (A1)
where the times appearing in the matrix are ordinary
times. We have dropped the discrete indices for brevity.
The off-diagonal matrix elements are identified with the
“lesser” and “greater” explicitly ordered correlators:
G+−(t1, t2) ≡ G<(t1, t2) = +i
〈
η(t2) η(t1)
〉
,
G−+(t1, t2) ≡ G>(t1, t2) = −i
〈
η(t1) η(t2)
〉
. (A2)
The diagonal matrix elements are related to each other
by the virtue of the unitarity of evolution:
G++(t1, t2) = +θ(t1 − t2)
[G>(t1, t2)− G<(t1, t2)],
G−−(t1, t2) = −θ(t2 − t1)
[G>(t1, t2)− G<(t1, t2)],
(A3)
which are identified with the usual retarded and advanced
response functions, G++ ≡ GR and G−− ≡ GA. While the
lesser and greater correlation functions are independent
functions for Dirac (complex) fermions, they are related
to each other for Majorana fermions by transposition and
negation, as it can be seen from Eq. (A3):
G>(1, 2) = −G<(2, 1). (A4)
In summary, the 2-point correlator of Majorana fermions
on the contour is fully specified by a single real-time
correlator, e.g. G>(1, 2). It is easily shown that the
same decomposition and relations hold for the Majorana
self-energy Σ. The correlator of real bosons D and the
bosonic self-energy Π admit a similar decomposition, ex-
cept for the absence of the relative minus sign in the
definition of D> and D<:
D+−(t1, t2) ≡ D<(t1, t2) = −i
〈
ϕ(t2)ϕ(t1)
〉
,
D−+(t1, t2) ≡ D>(t1, t2) = −i
〈
ϕ(t1)ϕ(t2)
〉
, (A5)
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which imply:
D>(1, 2) = D<(2, 1). (A6)
Similar to Majorana correlators, the 2-point correlator of
real bosons on the contour is fully specified by a single
real-time correlator, e.g. D>. The same result holds for
the bosonic self-energy Π.
2. Feynman rules for the Spin-2PI formalism
The conventional Feynman diagram rules are used
for interpreting the diagrams appearing throughout this
work:
α
α β
1 −1
2
εαβγ
C
d121 iDαβ(1, 2)
21
γ
β
iGαβ(1, 2)α β
21
α β
iV αβR1R2δC(t1, t2)
1 −1
2
εαβγ
C
d1
γ
β
α
The integer indices refer to the bundle of lattice site and
contour time in the diagrams above. Since the Majorana
fermion propagators possess no charge flow direction, one
may arbitrarily assign a direction to each line. The over-
all sign of each diagram, however, must be determined at
the end by counting the number of fermion permutations.
The power counting of the large-N extension is per-
formed as follows: (1) each Majorana fermion loop intro-
duces a factor of N resulting from the replica summation,
(2) each interaction and boson line introduces a factor of
1/N .
The vacuum diagrams accompany symmetry factors
which must be worked out case by case. The self-energy
Σ,Π and 4-point vertex Λ(2) diagrams have an extra
factor of i and i2, respectively.
3. Evolution of correlations functions in the
Spin-2PI formalism
The transition from the path-integral to the 2PI ef-
fective action Γ[G,D,ϕ] was briefly outlined in the main
text and is a straightforward generalization of the results
of Cornwall, Jackiw, and Tomboulis [41]. Within this for-
malism, the evolution equations follow from a variational
principle, reminiscent of Lagrangian dynamics of classi-
cal particles, with the quantum correlators playing the
role of generalized coordinates. Going back to Eqs. (8a)
and (8b) and making Γ stationary with respect to G, D,
and ϕ, we obtain:
G−1 = G−10 −M [ϕc]−Σ[G,D], (A7a)
D−1 = D−10 −Π[G,D], (A7b)
ϕµc,j(t) =
1
2N
N∑
σ=1
V µνjk νγλ Gγ;σ,λ;σjj (t+, t). (A7c)
With the spin, replica, time, and space indices laid out
explicitly, the “bare” fermion and boson propagators are
written as:
G−10 (1, 2) = δσ1σ2δα1α2δj1j2 i∂t1δC(t1, t2),
D−10 (1, 2) = N (V −1)α1α2j1j2 δC(t1, t2), (A8)
respectively. The contour Dirac δ-function is defined as
δC(t1, t2) = ±δ(t1 − t2) with the ± sign corresponding
to t1, t2 ∈ C±, respectively. In Eq. (A7a), M [ϕc](1, 2) =
−iδσ1σ2δC(t1, t+2 ) δj1j2 ϕµc,j1(t1) εµα1α2 the LO interaction
effect and describes the coupling of Majorana fermions
with the classical spin mean-field ϕc. According to
Eq. (A7c), the latter is instantaneously determined by
the Majorana tadpole contracted with a bare interaction
line. Thus, we find:
M [ϕc](1, 2) = −i δσ1σ2 δC(t1, t+2 ) δj1j2 εα1α2µ V µνj1k νγλ
× 1
2N
N∑
σ=1
Gγ;σ,λ;σkk (t+1 , t1) = 2×
1
2
, (A9)
which resembles the familiar Hartree self-energy that
describes the mean-field effects. We emphasize that the
Majorana tadpole is identified with the magnetization
in our formalism. Note that the M(1, 2) ∝ δC(t1, t+2 ) is
instantaneous and carries no memory effect. We will
later show that truncating the approximation at this
level and neglecting the self-energies indeed yields the
Bloch equation.
Going beyond the LO approximation, Σ[G,D] and
Π[G,D] describe memory effects associated from the spa-
tiotemporal fluctuations of the exchange field. By defini-
tion, these self-energies are obtained from the variations
of Γ2[G,D]:
Σ[G,D](1, 2) ≡ 2 δΓ2[G,D]
δG(1, 2) ,
Π[G,D](1, 2) ≡ 2 δΓ2[G,D]
δD(1, 2) . (A10)
We recall that Γ2[G,D] is formally equivalent to the sum
of 2PI vacuum diagrams constructed from the interaction
vertex Lint[η,ϕ] = i2 εαβγ ϕαj ηβ;σj ηγ;σj and admits a sys-
tematic expansion in 1/N . Here, we truncate the series
at the NLO level:
ΓNLO2 [G,D] =
1
4
tr[DΠ0] = , (A11)
where Πµν0 (1, 2) = i εµαβ ενγλ
∑N
σ=1 Gα;σ,γ;σj1j2 (t1, t2)
Gβ;σ,λ;σj1j2 (t1, t2) is the Majorana bubble. Since D ∼ 1/N
and the factor of N resulting from the replica summa-
tion in the Majorana bubble, we find ΓNLO2 ∼ O(1). This
must be compared to the LO term in Γint which is O(N).
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The resulting NLO self-energies are given as:
ΣNLO(1, 2) = 4× 1 2
= i εα1β1µDµνj1j2(t1, t2) ενα2β2 Gβ1β2j1j2 (t1, t2),
ΠNLO(1, 2) = 2× 1 2 = 1
2
Π0(1, 2). (A12)
Having derived the explicit expressions for the self-
energies, we discuss the derivation of evolution equa-
tions as the next step. Our starting point are the cou-
pled Dyson’s equations given in Eqs. (A7a) and (A7b).
Strictly speaking, Dyson’s equations are differential iden-
tities on the contour functions. They can be cast into a
more useful form by acting them from the left and right
hand side by G and D, respectively, resulting in a set of
contour integro-differential equations:
[
iδα1µ δj1k ∂t1 + iϕ
ν
c,k(t1) ενα1µ
]Gµα2kj2 (t1, t2) = δ(1, 2) + ∫C dτ Σα1µj1k (t1, τ)Gµα2kj2 (τ, t2), (A13a)
−[iδµα2 δkj2∂t2 − iϕνc,k(t1) ενµα2]Gα1µj1k (t1, t2) = δ(1, 2) + ∫C dτ Gα1µj1k (t1, τ)Σµα2kj2 (τ, t2), (A13b)
Dα1β1j1j2 (t1, t2) =
1
N
V α1α2j1j2 δC(t1, t2) +
1
N
V α1µj1k
∫
C
dτ Πµνkl (t1, τ)Dνα2lj2 (τ, t2), (A14a)
Dα1β1j1j2 (t1, t2) =
1
N
V α1α2j1j2 δC(t1, t2) +
1
N
∫
C
dτ Dα1µj1k (t1, τ)Π
µν
kl (τ, t2)V
να2
lj2
. (A14b)
We have defined shorthand δ(1, 2) ≡ δj1j2 δα1α2 δC(t1, t2)
and the contour integral
∫
C dtA(t) is interpreted as∫∞
t0
dtA(t ∈ C+) − ∫∞
t0
dtA(t ∈ C−). Eq. (A13a)
and its adjoint Eq. (A13b) are referred to as Kadanoff-
Baym (KB) equations. The convolution integrals of self-
energies and correlators manifestly show memory effects,
which is a shared feature of beyond mean-field approxi-
mations.
The spatial structure of Eqs. (A13a)-(A14b) can be
simplified by noting that physical initial states imply ini-
tial correlations between pairs of Majorana operators on
the same site, i.e. Gα1α2j1j2 (t0, t0) ∝ δj1j2 . Crucially, this
property extends to all times in the KB dynamics, inde-
pendent of the order of truncation in 1/N . To see this,
one first establishes that the assumption Gj1j2(t1, t2) ∝
δj1j2 for t0 ≤ t1, t2 ≤ T implies Σj1j2(t1, t2) ∝ δj1j2 in
the same domain. The causal structure of Eqs. (A13a)-
(A13b) subsequently extends this property to an in-
finitesimally larger domains, and eventually to all times
by induction. Therefore, we can always make the follow-
ing simplifying substitution in the KB equation:
Gα1α2j1j2 (t1, t2)→ δj1j2 Gα1α2j1j1 (t1, t2),
Σα1α2j1j2 (t1, t2)→ δj1j2 Σα1α2j1j1 (t1, t2). (A15)
The LO approximation: The KB equations reduce to the
mean-field Bloch equation upon truncation at the LO
level which amounts to neglecting fluctuation self-energy
corrections Σ → 0. In this limit, the KB equations imply:
i∂t1Gα1α2,>jj (t1, t2) + iϕνc,j(t1) ενα1µ Gµα2jj (t1, t2) = 0,
−i∂t2Gα1α2,>jj (t1, t2) + iϕνc,j(t2) ενµα2 Gα1µjj (t1, t2) = 0.
(A16)
Subtracting the equations from one another, setting t2 =
t1 = t and using Eq. (7), we finally obtain:
∂t〈Sˆj(t)〉 = ϕc,j × 〈Sˆj(t)〉, (A17)
which is the Bloch equation as anticipated.
The NLO approximation: Including self-energy correc-
tions, the time convolutions appearing in the KB equa-
tions prohibit us from arriving at a closed equation for
the equal-time Green’s functions and we inevitably need
to solve for the complete unequal time Green’s function.
For concreteness, we consider the case of spin spirals
hereafter. The spatial structure of the KB equations
can be significantly simplified by applying the unwinding
unitary transformation, either directly on Eqs. (A13a)-
(A14b) or on the spin Hamiltonian. Either way, the
initial spiral state transforms into an uncorrelated x-
polarized FM state |Ψ˜0〉 ≡
⊗
j | →〉j at the expense of
an anisotropic interaction (see Eq. 13). The 2-point cor-
relator of Majorana fermions at t = t0 is easily found
as:
Gα1α2,>j1j2 (t0, t0) = δj1j2
−i/2 0 0 −i/20 −i/2 1/2 00 −1/2 −i/2 0
−i/2 0 0 −i/2
 .
(A18)
The exchange field correlator at t = t0 is not an indepen-
dent degree of freedom and is determined by G(t0, t0),
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see Eq. (A12). For translationally invariant initial states
as such, G and Σ further become independent of the lat-
tice site. Furthermore, Dj1j2 depends only on the dis-
tance and at the NLO level, Πj1j2 is local as well. The
simplified structure of the correlators and self-energies is
summarized as follows:
G(1, 2)→ δR1R2 Gαβ(t1, t2),
Σ(1, 2)→ δR1R2 Σαβ(t1, t2),
D(1, 2)→ DαβR1−R2(t1, t2)
F.T.−−−→ Dαβk (t1, t2),
Π(1, 2)→ δr1r2 Παβ(t1, t2).
The KB equations can be written explicitly in terms
of G> and D> using the Langreth rules [80]. We quote
the final result, setting N = 1:
i∂t1Gα1α2(t1, t2) + iϕα1µc (t1)Gµα2,>(t1, t2) =
∫ t1
t0
dτ
[
Σα1µ,>(t1, τ) +Σ
µα1,>(τ, t)
] Gµα2,>(τ, t2)
−
∫ t2
t0
dτ Σα1µ,>(t1, τ)
[Gµα2,>(τ, t2) + Gα2µ,>(t2, τ)] , (A19a)
−i∂t2Gα1α2(t1, t2) + iGα1µ,>(t1, t2)ϕµα2c (t2) =
∫ t1
t0
dτ
[Gα1µ,>(t1, τ) + Gµα1,>(τ, t)] Σµα2,>(τ, t2)
−
∫ t2
t0
dτ Gα1µ,>(t1, τ)
[
Σµα2,>(τ, t2) +Σ
α2µ,>(t2, τ)
]
, (A19b)
Dα1α2,>k (t1, t2) = V α1µk Πµν,>(t1, t2)V να2k + V α1µk
∫ t1
t0
dτ
[
Πµν,>(t1, τ)−Πνµ,>(τ, t1)
]Dνα2,>k (τ, t2)
− V α1µk
∫ t2
t0
dτ Πµν,>(t1, τ)
[Dνα2,>k (τ, t2)−Dα2ν,>k (t2, τ)] , (A20a)
Dα1α2,>k (t1, t2) = V α1µk Πµν,>(t1, t2)V να2k +
∫ t1
t0
dτ
[Dα1µ,>k (t1, τ)−Dµα1,>k (τ, t1)]Πµν,>(τ, t2)V να2k
−
∫ t2
t0
dτ Dα1µ,>k (t1, τ)
[
Πµν,>(τ, t2)−Πνµ,>(t2, τ)
]
V να2k . (A20b)
The self-energies Σ> and Π> are read from Eq. (A12).
The last explicit equations are suitable for devising a
numerical forward propagation scheme. Starting from
G0(t0, t0), we calculate Σ(t0, t0) and Π(t0, t0) from
Eq. (A12), and D(t0, t0) from Eq. (A20a). The casual
structure Eqs. (A19a)-(A20b) allows us to propagate
{G, Σ,D, Π} in (t1, t2) in discrete time steps of size
∆t. This is achieved using a robust predictor-corrector
method with guaranteed accuracy to O(∆t3).
Calculating spin-spin correlators in the Spin-2PI formal-
ism: In the framework of 2PI effective actions, higher
order correlators are “reconstructed” from the history of
2-point correlators. Here, we are interested in the con-
nected spin-spin correlator:
iχα1α2j1j2 (t1, t2) =
〈
TC
[
Sˆα1j1 (t1)Sˆ
α2
j2
(t2)
]〉
−
〈
Sˆα1j1 (t1)
〉 〈
Sˆα2j2 (t2)
〉
, (A21)
where the spin operators are shorthand notations for
Eq. (4). The spin-spin correlator is found from the Ma-
jorana L-function, defined as:
L(11¯; 22¯) ≡ 〈TC [η(1) η(1¯) η(2) η(2¯)]〉 − iG(1, 1¯) iG(2, 2¯),
(A22)
by contracting ε-symbols with its left and right pair of
fermion lines:
χα1α2j1j2 (t1, t2) =
i
4
εα1β1γ1 L
β1γ1;β2γ2
j1j1;j2j2
(t+1 , t1 ; t
+
2 , t2 ) εα2β2γ2 .
(A23)
The L-function in turn satisfies a non-equilibrium Bethe-
Salpeter equation on the C contour:
L(11¯; 22¯) = Π2(11¯; 22¯)
+
∫
C
d3 d3¯ d4 d4¯Π2(11¯; 33¯)Λ
(2)(33¯; 44¯)L(44¯; 22¯),
(A24)
where Π2(11¯; 22¯) = G(12)G(2¯1¯) − G(12¯)G(1¯2)
and the 2PI irreducible vertex Λ(2)(33¯; 44¯) =
δ2Γint[G]/δG(33¯)δG(44¯); here, Γint[G] is given in Eq. (8b)
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with ϕc and D substituted in terms of G from the
stationarity condition Eqs. (A7b) and (A7c).
The NLO effective action yields three contributions to
Λ(2):
Λ(2) =
1
4
×
3
3¯ 4¯
4
︸ ︷︷ ︸
Λ
(2)
RPA
−1
2
×
3
3¯ 4¯
4
︸ ︷︷ ︸
Λ
(2)
MT
+8×
3
3¯ 4¯
4
︸ ︷︷ ︸
Λ
(2)
AL
+
3
3¯ 4¯
4
± ± .
(A25)
The last symbol stands for the three permutations of
the first three diagrams obtained by (3 ↔ 3¯), (4 ↔ 4¯),
and (3 ↔ 3¯, 4 ↔ 4¯) with signs −, − and +, respec-
tively. These vertex corrections are structurally simi-
lar to the RPA, Maki-Thompson (MT), and Aslamazov-
Larkin (AL) vertex corrections accounting for supercon-
ducting fluctuations in metals [81]. Explicitly, these ver-
tex parts are given as:
Λ
(2)
RPA(33¯; 44¯) =
1
2
εα3α3¯µ iV
µν
j3j4
1
2
ενα4α4¯ δj3j3¯ δj4j4¯
× δC(t3, t3¯) δC(t4, t4¯) δC(t3, t4), (A26a)
Λ
(2)
MT(33¯; 44¯) =
1
2
εα3α4µ iDµνj3j3¯(t3, t3¯)
1
2
ενα3¯α4¯ δj3j4 δj3¯j4¯
× δC(t3, t4) δC(t3¯, t4¯), (A26b)
Λ
(2)
AL(33¯; 44¯) = iGβ3β3¯j3j3¯ (t3, t3¯) iG
β4β4¯
j4j4¯
(t4, t4¯)
× 1
2
εα3β3µ iDµνj3j4(t3, t4)
1
2
ενα4β4
× 1
2
εα3¯β3¯µ¯ iDµ¯ν¯j3¯j4¯(t3¯, t4¯)
1
2
εν¯α4¯β4¯
(A26c)
It is easily noticed that Λ
(2)
RPA ∼ O(1), Λ(2)MT ∼ O(1/N),
and Λ
(2)
AL ∼ O(1/N2). Therefore, we may drop the latter
if accuracy at the NLO order is desired.
For translation invariant states, it can be shown that
L(11¯; 22¯) ∼ Lα1α1¯;α2α2¯R1−R2 (t1t1¯; t2t2¯) δR1R1¯ δR2R2¯ . Taking
a Fourier transform in R1 − R2 yields decoupled inte-
gral equations for each momentum transfer q. The tem-
poral structure of the BSE remains formidable. Per-
forming the contour integral and discrete summations
over 3, 3¯ variables in Eq. (A24) and contracting the
right legs according to Eq. (A23), we reach to an in-
tegral equation for the 3-time object Γ
α1α1¯;µ
q (t1, t1¯; t2) ≡
(−i/2)Lα1α1¯;α2α2¯q (t1, t1¯; t+2 , t2) εµα2α2¯ in two contour
times t1, t1¯ (with fixed external time t2).
The first step in solving the BS equation is to recast
it in terms of functions of ordinary times. In compari-
son to the KB equation, this step is significantly more
involved here due to the complex real-time structure of
3-time and 4-time CTP functions and multiple contour
integrals. We leave the cumbersome details for a sepa-
rate publication and solely outline the procedure here.
We showed earlier in Sec. A 1 that the 4 real-time matrix
elements of 2-time functions such as G and D can be fully
specified using a single real-time function, e.g. G>. A
similar analysis of Γ
α1α1¯;µ
q (t1, t1¯; t2), taking into account
symmetries and unitarity of evolution, reveals that the 8
real-time components of 3-time function as such can be
fully specified by 3 independent functions. Accordingly,
the contour BS equation can be explicitly written as 3
coupled two-dimensional integral equations in ordinary
times; the latter is numerically solved by discretizing the
integrals using approximate quadratures and solving the
resulting linear system.
[1] Je. H. Traschen and R. H. Brandenberger, “Particle
production during out-of-equilibrium phase transitions,”
Phys. Rev. D 42, 2491 (1990).
[2] Gordon Baym and Christopher Pethick, “Physics of neu-
tron stars,” Annual Review of Astronomy and Astro-
physics 17, 415–443 (1979).
[3] E. Goulielmakis, V. S Yakovlev, A. L Cavalieri, M. Uib-
eracker, V. Pervak, A. Apolonski, R. Kienberger,
U. Kleineberg, and F. Krausz, “Attosecond control and
measurement: Lightwave electronics,” Science 317, 769–
775 (2007).
[4] Hartmut Haug and Stephan W. Koch, Quantum Theory
Of The Optical And Electronic Properties Of Semicon-
ductors, 5th ed. (World Scientific Publishing Co., Hack-
ensack, NJ, 2009).
[5] P. C. Hohenberg and B. I. Halperin, “Theory of dy-
namic critical phenomena,” Rev. Mod. Phys. 49, 435–479
(1977).
[6] Subroto Mukerjee, Vadim Oganesyan, and David Huse,
“Statistical theory of transport by strongly interacting
lattice fermions,” Phys. Rev. B 73, 035113 (2006).
[7] Jonathan Lux, Jan Mu¨ller, Aditi Mitra, and Achim
Rosch, “Hydrodynamic long-time tails after a quantum
quench,” Phys. Rev. A 89, 053608 (2014).
[8] Bill Sutherland, Beautiful Models: 70 Years of Exactly
Solved Quantum Many-Body Problems, first edition edi-
tion ed. (World Scientific Pub Co Inc, River Edge, N.J,
USA, 2004).
[9] Toshiya Kinoshita, Trevor Wenger, and David S. Weiss,
“A quantum Newton’s cradle,” Nature 440, 900–903
(2006).
[10] J. Berges, Sz. Borsa´nyi, and C. Wetterich, “Prethermal-
ization,” Phys. Rev. Lett. 93, 142002 (2004).
[11] M. Gring, M. Kuhnert, T. Langen, T. Kitagawa,
B. Rauer, M. Schreitl, I. Mazets, D. Adu Smith, E. Dem-
ler, and J. Schmiedmayer, “Relaxation and Prethermal-
ization in an Isolated Quantum System,” Science 337,
1318–1322 (2012).
[12] Aditi Mitra, “Correlation functions in the prethermalized
regime after a quantum quench of a spin chain,” Phys.
Rev. B 87, 205109 (2013).
[13] Matteo Marcuzzi, Jamir Marino, Andrea Gambassi, and
Alessandro Silva, “Prethermalization in a Nonintegrable
Quantum Spin Chain after a Quench,” Phys. Rev. Lett.
111, 197203 (2013).
[14] F. H. L. Essler, S. Kehrein, S. R. Manmana, and N. J.
16
Robinson, “Quench dynamics in a model with tuneable
integrability breaking,” Phys. Rev. B 89, 165104 (2014).
[15] Nicolas Nessi and Anbal Iucci, “Glass-like Behavior in a
System of One Dimensional Fermions after a Quantum
Quench,” arXiv:1503.02507 (2015).
[16] Yu Kagan and LA Maksimov, “Localization in a system
of interacting particles diffusing in a regular crystal,” Zh.
Eksp. Teor. Fiz. 87, 348–365 (1984).
[17] M. Schiulaz and M. Mu¨ller, “Ideal quantum glass tran-
sitions: Many-body localization without quenched dis-
order,” in AIP Conference Proceedings, Vol. 1610 (AIP
Publishing, 2014) pp. 11–23.
[18] Tarun Grover and Matthew P. A. Fisher, “Quantum dis-
entangled liquids,” J. Stat. Mech. 2014, P10010 (2014).
[19] Kartiek Agarwal, Sarang Gopalakrishnan, Michael Knap,
Markus Mueller, and Eugene Demler, “Anomalous diffu-
sion and Griffiths effects near the many-body localization
transition,” arXiv:1408.3413 (2014).
[20] Ronen Vosk, David A. Huse, and Ehud Altman, “The-
ory of the many-body localization transition in one di-
mensional systems,” arXiv:1412.3117 (2014).
[21] Michael Moeckel and Stefan Kehrein, “Interaction
Quench in the Hubbard Model,” Phys. Rev. Lett. 100,
175702 (2008).
[22] J. Berges, A. Rothkopf, and J. Schmidt, “Nonthermal
fixed points: Effective weak coupling for strongly cor-
related systems far from equilibrium,” Phys. Rev. Lett.
101, 041603 (2008).
[23] Martin Eckstein, Marcus Kollar, and Philipp Werner,
“Thermalization after an interaction quench in the Hub-
bard model,” Phys. Rev. Lett. 103, 056403 (2009).
[24] Marcus Kollar, F. Alexander Wolf, and Martin Eckstein,
“Generalized Gibbs ensemble prediction of prethermal-
ization plateaus and their relation to nonthermal steady
states in integrable systems,” Phys. Rev. B 84, 054304
(2011).
[25] Ryan Barnett, Anatoli Polkovnikov, and Mukund Ven-
galattore, “Prethermalization in quenched spinor conden-
sates,” Phys. Rev. A 84, 023606 (2011).
[26] Naoto Tsuji, Martin Eckstein, and Philipp Werner,
“Nonthermal antiferromagnetic order and nonequilib-
rium criticality in the Hubbard model,” Phys. Rev. Lett.
110, 136404 (2013).
[27] N. Nessi, A. Iucci, and M. A. Cazalilla, “Quan-
tum quench and prethermalization dynamics in a two-
dimensional fermi gas with long-range interactions,”
Phys. Rev. Lett. 113, 210402 (2014).
[28] Pietro Smacchia, Michael Knap, Eugene Demler, and
Alessandro Silva, “Exploring dynamical phase transi-
tions and prethermalization with quantum noise of ex-
citations,” arXiv:1409.1883 (2014).
[29] Johannes Bauer, Mehrtash Babadi, and Eugene Demler,
“Dynamical instabilities and transient short-range order
in the fermionic hubbard model,” arXiv:1411.4049 .
[30] J. M. Deutsch, “Quantum statistical mechanics in a
closed system,” Phys. Rev. A 43, 2046–2049 (1991).
[31] Mark Srednicki, “Chaos and quantum thermalization,”
Phys. Rev. E 50, 888–901 (1994).
[32] Marcos Rigol, Vanja Dunjko, and Maxim Olshanii,
“Thermalization and its mechanism for generic iso-
lated quantum systems,” Nature (London) 452, 854–858
(2008).
[33] Sebastian Hild, Takeshi Fukuhara, Peter Schauß, Jo-
hannes Zeiher, Michael Knap, Eugene Demler, Immanuel
Bloch, and Christian Gross, “Far-from-equilibrium spin
transport in heisenberg quantum magnets,” Phys. Rev.
Lett. 113, 147205 (2014).
[34] R. C. Brown, R. Wyllie, S. B. Koller, E. A. Goldschmidt,
M. Foss-Feig, and J. V. Porto, “2d superexchange me-
diated magnetization dynamics in an optical lattice,”
arXiv:1411.7036 .
[35] Peter Barmettler, Matthias Punk, Vladimir Gritsev, Eu-
gene Demler, and Ehud Altman, “Relaxation of antifer-
romagnetic order in spin-1/2 chains following a quantum
quench,” Phys. Rev. Lett. 102, 130603 (2009).
[36] Wenshuo Liu and Natan Andrei, “Quench Dynamics of
the Anisotropic Heisenberg Model,” Phys. Rev. Lett.
112, 257204 (2014).
[37] M. Heyl, “Dynamical Quantum Phase Transitions in Sys-
tems with Broken-Symmetry Phases,” Phys. Rev. Lett.
113, 205701 (2014).
[38] Karsten Balzer, F. Alexander Wolf, Ian P. McCul-
loch, Philipp Werner, and Martin Eckstein, “Non-
thermal melting of Neel order in the Hubbard model,”
arXiv:1504.02461 (2015).
[39] F. A. Berezin and M. S. Marinov, “Particle spin dynamics
as the Grassmann variant of classical mechanics,” Ann.
Phys. 104, 336 (1977).
[40] A. M. Tsvelik, “New fermionic description of quantum
spin liquid state,” Phys. Rev. Lett. 69, 2142–2144 (1992).
[41] John M. Cornwall, R. Jackiw, and E. Tomboulis, “Effec-
tive action for composite operators,” Phys. Rev. D 10,
2428–2445 (1974).
[42] Ju¨rgen Berges, “Introduction to nonequilibrium quantum
field theory,” in AIP Conference Proceedings, Vol. 739
(AIP Publishing, Rio de Janeiro, Brazil, 2004) pp. 3–62.
[43] Ju¨rgen Berges, “Controlled nonperturbative dynamics of
quantum fields out of equilibrium,” Nucl. Phys. A 699,
847–886 (2002).
[44] G. Aarts, D. Ahrensmeier, R. Baier, J. Berges, and
J. Serreau, “Far-from-equilibrium dynamics with broken
symmetries from the 1/N expansion of the 2PI effective
action,” Phys. Rev. D 66, 045008 (2002).
[45] F. Cooper, J. F. Dawson, and B. Mihaila, “Quantum
dynamics of phase transitions in broken symmetry λϕ4
field theory,” Phys. Rev. D 67, 056003 (2003).
[46] J. Berges, S. Borsa´nyi, and J. Serreau, “Thermalization
of fermionic quantum fields,” Nucl. Phys. B 660, 51–80
(2003).
[47] M. Schmidt, S. Erne, B. Nowak, D. Sexty, and T. Gasen-
zer, “Non-thermal fixed points and solitons in a one-
dimensional Bose gas,” New J. Phys. 14, 075005 (2012).
[48] B. Nowak, J. Schole, and T. Gasenzer, “Universal dy-
namics on the way to thermalization,” New J. Phys. 16,
093052 (2014).
[49] J. Berges and J. Serreau, “Parametric resonance in quan-
tum field theory,” Phys. Rev. Lett. 91, 111601 (2003).
[50] A. Arrizabalaga, J. Smit, and A. Tranberg, “Tachyonic
preheating using 2PI-1/N dynamics and the classical ap-
proximation,” J. High Energy Phys. 2004, 017 (2004).
[51] J. Berges, D. Gelfand, and J. Pruschke, “Quantum the-
ory of fermion production after inflation,” Phys. Rev.
Lett. 107, 061301 (2011).
[52] J. Berges and S. Roth, “Topological defect formation
from 2PI effective action techniques,” Nucl. Phys. B 847,
197–219 (2011).
[53] L. McLerran, J. M. Pawlowski, and D. Sexty, “Gauge
turbulence, topological defect dynamics, and conden-
17
sation in Higgs models,” Nucl. Phys. A 930 (2014),
10.1016/j.nuclphysa.2014.07.030.
[54] A. M. Rey, B. L. Hu, E. Calzetta, A. Roura, and
C. W. Clark, “Nonequilibrium dynamics of optical-
lattice-loaded Bose–Einstein-condensate atoms: Beyond
the Hartree–Fock–Bogoliubov approximation,” Phys.
Rev. A 69, 033610 (2004).
[55] K. Balzer and M. Bonitz, “Nonequilibrium properties of
strongly correlated artificial atoms: a green’s functions
approach,” Jour. of Phys. A 42, 214020 (2009).
[56] M. Kronenwett and T. Gasenzer, “Far-from-equilibrium
dynamics of an ultracold Fermi gas,” App. Phys. B 102,
469–488 (2011).
[57] Lev Kofman, Andrei Linde, Xiao Liu, Alexander Mal-
oney, Liam McAllister, and Eva Silverstein, “Beauty
is attractive: moduli trapping at enhanced symmetry
points,” J. High Energy Phys. 2004, 030 (2004).
[58] J. Stenger, S. Inouye, D. M. Stamper-Kurn, H.-J. Mies-
ner, A. P. Chikkatur, and W. Ketterle, “Spin domains
in ground-state BoseEinstein condensates,” Nature 396,
345–348 (1998).
[59] L. E. Sadler, J. M. Higbie, S. R. Leslie, M. Vengalat-
tore, and D. M. Stamper-Kurn, “Spontaneous symme-
try breaking in a quenched ferromagnetic spinor Bose-
Einstein condensate,” Nature 443, 312–315 (2006).
[60] Takeshi Fukuhara, Adrian Kantian, Manuel Endres,
Marc Cheneau, Peter Schauß, Sebastian Hild, David
Bellem, Ulrich Schollwo¨ck, Thierry Giamarchi, Christian
Gross, Immanuel Bloch, and Stefan Kuhr, “Quantum
dynamics of a mobile spin impurity,” Nat. Phys. 9, 235–
241 (2013).
[61] Takeshi Fukuhara, Peter Schauß, Manuel Endres, Sebas-
tian Hild, Marc Cheneau, Immanuel Bloch, and Chris-
tian Gross, “Microscopic observation of magnon bound
states and their dynamics,” Nature 502, 76–79 (2013).
[62] Philip Richerme, Zhe-Xuan Gong, Aaron Lee, Crystal
Senko, Jacob Smith, Michael Foss-Feig, Spyridon Micha-
lakis, Alexey V. Gorshkov, and Christopher Monroe,
“Non-local propagation of correlations in quantum sys-
tems with long-range interactions,” Nature 511, 198–201
(2014).
[63] P. Jurcevic, B. P. Lanyon, P. Hauke, C. Hempel, P. Zoller,
R. Blatt, and C. F. Roos, “Quasiparticle engineering
and entanglement propagation in a quantum many-body
system,” Nature 511, 202–205 (2014).
[64] Bo Yan, Steven A. Moses, Bryce Gadway, Jacob P.
Covey, Kaden R. A. Hazzard, Ana Maria Rey, Deborah S.
Jin, and Jun Ye, “Observation of dipolar spin-exchange
interactions with lattice-confined polar molecules,” Na-
ture 501, 521–525 (2013).
[65] For spin systems in thermal equilibrium, the local con-
straint of Schwinger slave fermions can be removed using
a complex chemical potential [82]. This technique is also
adapted to the Schwinger-Keldysh formalism in Ref. [83].
[66] P. Coleman, E. Miranda, and A. Tsvelik, “Odd-
frequency pairing in the Kondo lattice,” Phys. Rev. B
49, 8955 (1994).
[67] G. Aarts and A. Tranberg, “Nonequilibrium dynamics in
the O(N) model to next-to-next-to-leading order in the
1/N expansion,” Phys. Rev. D 74, 025004 (2006).
[68] G. Aarts, N. Laurie, and A. Tranberg, “Effective con-
vergence of the two-particle irreducible 1/N expansion
for nonequilibrium quantum fields,” Phys. Rev. D 78,
125028 (2008).
[69] L Cugliandolo, “Dynamics of glassy systems,” in Slow
Relaxations and Non-Equilibrium Dynamics in Con-
densed Matter: Les Houches Session LXXVII , edited by
J L Barrat, M Feigelman, J Kurchan, and J Dalibard
(Springer, Berlin, 2003) Chap. 7, pp. 367–522.
[70] Anders W. Sandvik, “Critical Temperature and the Tran-
sition from Quantum to Classical Order Parameter Fluc-
tuations in the Three-Dimensional Heisenberg Antiferro-
magnet,” Phys. Rev. Lett. 80, 5196–5199 (1998).
[71] G. J. Conduit and E. Altman, “Dynamical instability of
a spin spiral in an interacting Fermi gas as a probe of the
Stoner transition,” Phys. Rev. A 82, 043603 (2010).
[72] F. Ritort and P. Sollich, “Glassy dynamics of kinetically
constrained models,” Adv. Phys. 52, 219–342 (2003).
[73] William K Wootters, “A Wigner-function formulation of
finite-state quantum mechanics,” Ann. Phys. 176, 1–21
(1987).
[74] J. Schachenmayer, A. Pikovski, and A.M. Rey, “Many-
Body Quantum Spin Dynamics with Monte˜Carlo Tra-
jectories on a Discrete Phase Space,” Phys. Rev. X 5,
011022 (2015).
[75] Anatoli Polkovnikov, “Phase space representation of
quantum dynamics,” Ann. Phys. 325, 1790–1852 (2010).
[76] Different trajectory sampling schemes yields slightly dif-
ferent results. Here, we use the correlated sampling
scheme described in Ref. [84]. An uncorrelated sampling
alleviates the short time unphysical behavior. However,
with neither scheme dTWA exhibits the plateau behav-
ior.
[77] T. W. B. Kibble, “Topology of cosmic domains and
strings,” J. Phys. A: Math. Gen. 9, 1387 (1976).
[78] W. H. Zurek, “Cosmological experiments in superfluid
helium?” Nature 317, 505–508 (1985).
[79] P. M. Chaikin and T. C. Lubensky, Principles of Con-
densed Matter Physics (Cambridge University Press,
Cambridge; New York, USA, 2000).
[80] J. Rammer and H. Smith, “Quantum field-theoretical
methods in transport theory of metals,” Rev. Mod. Phys.
58, 323 (1986).
[81] A. A. Varlamov and M. Ausloos, “Fluctuation phenom-
ena in superconductors,” in Fluctuation Phenomena in
High Temperature Superconductors (Springer, 1997) pp.
3–41.
[82] V. N. Popov and S. A. Fedotov, “The functional integra-
tion method and diagram technique for spin systems,” J.
Exp. Theor. Phys. 67, 535–541 (1988).
[83] M. N. Kiselev and R. Oppermann, “Schwinger-Keldysh
semionic approach for quantum spin systems,” Phys.
Rev. Lett. 85, 5631 (2000).
[84] William K Wootters, “A wigner-function formulation of
finite-state quantum mechanics,” Annals of Physics 176,
1–21 (1987).
